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Abstract

This paper investigates basic characteristics of the electron paramagnetic resonance (EPR) signal obtained from spectrometers

employing reflection resonators. General equations are presented which reveal the phase and amplitude dependence on instrumental

parameters of both components of the continuous wave (CW) EPR signal (absorption and dispersion). New phase vector diagrams

derived from these general equations are presented for the analysis of the EPR response. The dependence of the phase and absolute

value of the CW EPR signal on the local oscillator (LO) phase and on resonator offset and coupling is presented and analyzed. The

EPR spectrometer tuning procedures for both balanced and unbalanced heterodyne receivers are analyzed in detail using the new

phase diagrams. Extraneous signals at the RF input of the microwave receiver (resulting from circulator leakage and reflections in

the resonator transmission line) have been taken into account and analyzed. It is shown that a final tuning condition that corre-

sponds to an extremum of the receiver output as a function of the resonator frequency is necessary and sufficient for the acquisition

of pure absorption signal. This condition is universal: it applies to all spectrometer configurations in all frequency ranges. High

Frequency EPR spectrometer (130GHz) data are used to generate experimental phase diagrams that illustrate the theoretical

concepts presented in the paper. Conditions are presented under which the absorption signal can be measured with complete

suppression of the dispersion, independent of the mutual frequency offset between the microwave source and the EPR sample

resonator. Equations describing the approximate relationship between changes of the resonator properties (Q-factor and frequency)

and paramagnetic susceptibility are derived and analyzed.

� 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

The basic principles describing instrumentation and

sensitivity in EPR spectroscopy are well established and

have been extensively discussed in several classic works
[1–4]. However, these treatments emphasize the appli-

cation of these principles primarily in the low frequency

(LF) range. High frequency (90GHz or greater) EPR

spectroscopy (HF EPR) is now becoming an established

and rapidly growing technique for the study of a variety

of paramagnetic systems [5]. The smaller microwave

wavelengths (and correspondingly smaller microwave

spectrometer components) encountered in HF relative
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to LF EPR lead to instrumental characteristics which

must be considered for proper tuning and operation of

HF EPR spectrometers. The purpose of this work is to

advance the theoretical framework within which the

tuning and operation of reflection resonator EPR spec-
trometers of all the frequency bands can be accurately

analyzed. The operation of these spectrometers is based

on high Q-resonant structures that must be properly

coupled to the microwave source in order to maximize

sensitivity and stability.

General equations are presented that describe the

tuning and matching of EPR resonators in all frequency

ranges. These equations make clear the dependence of
the EPR signal phase and amplitude on coupling and

tuning parameters. From these equations, a graphical

description of the resonator reflection coefficient (C) is
reserved.

mail to: gerfen@aecom.yu.edu
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developed to describe quantitatively the phenomenon of
resonant tuning and matching. The reflection coefficient

description is initially developed for the simple case of

tuning and matching a basic resonant structure. The de-

scription is extended to include the phenomenon of res-

onant absorption/dispersion of microwave radiation by a

sample, and the effects of the spectrometer receiver

characteristics upon this magnetic resonance signal. Us-

ing this vector picture of the reflection coefficient de-
scription, a strategy is presented for the most effective

means to tune andmatchmicrowave resonators. Through

the analysis presented here, practical operational proce-

dures are developed and evaluated with the intent of in-

creasing signal-to-noise ratios and achieving a more

complete separation of absorption and dispersion signals.
Fig. 1. Equivalent series RLC circuit representation of the EPR sample

resonator. Z0 is the transmission line characteristic impedance, RC is

the equivalent resistance of the resonator and X is the equivalent re-

active impedance of the resonator.
2. Resonator reflection coefficient

Spectrometers employing a reflection microwave

resonator have generally proven to be more convenient

and sensitive than those employing transmission probes,

and are typically used when experimental circumstances

allow. For a reflection resonator spectrometer, the EPR

signal is detected by measuring variations in the mi-
crowave power reflected from the resonator as the

sample absorbs or emits radiation upon achieving

magnetic resonance. Thus, the resonator reflection co-

efficient C plays a central role in the analysis of EPR

signal acquisition and spectrometer tuning.

It is well known that the resonator reflection coeffi-

cient can be represented by the following equation (for

example, see [2, Eq. (3.7), p. 67]):

C ¼ ZIN � Z0

ZIN þ Z0

; ð1Þ

in which C is reflection coefficient, ZIN is the resonator

input impedance, and Z0 is the transmission line char-
acteristic impedance. The expression for the resonator

input impedance ZIN is also well known. Usually ZIN is

represented by means of the impedance of the EPR

sample resonator equivalent series RLC circuit shown in

Fig. 1 and Ref. (see [4, Eq. (10), p. 124]):

ZIN ¼ RC þ jX ¼ RC 1

�
þ jQU

x
x0

�
� x0

x

��

� RC 1

�
þ 2jQU

x � x0

x0

�
; ð2Þ

in which RC is the equivalent resistance of the resonator,

X is the equivalent reactive impedance of the resonator,

x is the microwave source angular frequency, x0 is the

resonator resonant angular frequency, QU is the reso-

nator unloaded Q-factor, and j is the imaginary unit. Eq.
(2) utilizes the standard microwave frequency approxi-

mation of x0 � xð Þ � x.
In general, the resonator Q-factor is defined as being
proportional to the energy stored in the resonator and

inversely proportional to the energy losses (see, for ex-

ample, [2, p. 71] or [4, p. 125]). The unloaded Q-factor

QU is inversely proportional to the sum of all the reso-

nator stored energy losses with the exception of the

coupling losses into the transmission line. These losses

of the resonator stored energy into the transmission line

are incorporated into the radiation Q-factor QR. Loaded
Q-factor QL incorporates all the losses of the resonator

stored energy, including the coupling losses into the

transmission line, therefore Q�1
L ¼ Q�1

U þ Q�1
R

� �
in [2,

Eq. (3.22), p. 72].

The absence of a transformer in Fig. 1 means that all

microwave impedances are already transformed into a

single RLC series circuit, i.e., the resonator impedances

are transformed into the transmission line equivalent
circuit, or the transmission line characteristic impedance

is transformed into the resonator equivalent circuit:

both of these situations are equivalent. Moreover, the

ratio between impedances of the resonator and trans-

mission line is determined by the coupling parameter

and can be changed if coupling is variable. The substi-

tution of Eq. (2) into (1) yields:

C � 1

�
� Z0

RC

þ 2jQU

x � x0

x0

�
	

1

�
þ Z0

RC

þ 2jQU

x � x0

x0

�
: ð3Þ

As it is evident from Fig. 1:

Z0

RC

¼ Losses of the Resonator Stored Energy into theð

Transmission LineÞ= Losses of the Resonatorð
Stored Energy inside of the ResonatorÞ: ð4Þ

Using the definitions of the Q-factors and coupling pa-

rameter b, Eq. (4) becomes (see [2, Eq. (3.23), p. 72]):

Z0

RC

¼ Unloaded Q-factorð Þ ¼ QU

Radiation Q-factorð Þ ¼ QR

¼ QU

QR

¼ b: ð5Þ



Fig. 2. Phase diagram of the EPR sample resonator reflection coeffi-

cient. The total reflection coefficient C consists of two components, CC

and Cn. The first component CC is independent of the resonator offset n
and therefore does not vary when the resonator frequency tuned. The

absolute value of the second component Cn is also independent of n
and therefore the tip of Cn describes a circle when the resonator fre-

quency is tuned between n ¼ �1. Three such circles are shown here

for different values of the coupling parameter b: 0.5, 1.0, and 2.0. In

addition, the phase directions of both components of the EPR signal

(absorption and dispersion) are illustrated.
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Thus b is the coupling parameter of the resonator with
the transmission line into which the resonator stored

energy is being lost. The condition b ¼ 1 is defined as

critical coupling. It follows from Eqs. (3) and (5) that,

when the resonator is tuned to its resonant frequency

(x ¼ x0) and is matched to critical coupling, there is no

reflected power, QR ¼ QU and QL ¼ 1=2 QU.

An important aspect of Eqs. (2) and (3) is the offset of

the microwave frequency setting x from the resonator
frequency x0. A useful parameter for this analysis is

provided by the normalized resonator offset n, defined as

n ¼ �QU

x
x0

�
� x0

x

�
� 2QU

x0 � x
x0

: ð6Þ

(A similar parameter a, equal to �n=2 and defined as a
relative fractional detuning, is described in [6, p. 202].)

Note that n and x0 are positively correlated (i.e., n is

increasing when x0 is increasing) because we have de-

fined n as the resonator normalized offset (as opposed to

the microwave source offset). The reflection coefficient

described by Eq. (3) can now be written

C ¼ 1� b � jn
1þ b � jn

: ð7Þ

Eq. (7) is valid for any value of the coupling parameter b
and the normalized offset n. The utility of Eq. (7) derives

from its independence from any resonator parameters

except those which are varied in the tuning and match-
ing process. Especially important is the lack of depen-

dence on the resonator Q-factor, which allows a

generalized analysis for any resonator.

The normalized offset values n ¼ �1 correspond to

the offsets at the 50% levels of the resonator reflection

dip in the small coupling limit. This is valid for any

resonator with any unloaded Q-factor, and can be il-

lustrated by calculating the values of the reflection co-
efficient for three values of n under conditions of b � 1

(i.e., small coupling):

Cðnj ¼ 0Þj ¼ 1�b
1þb � 1ð � 2bÞ;

Cðnj ¼ 1Þj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1�bÞ2þ1

ð1þbÞ2þ1

r
� ð1� bÞ;

Cðnj ¼ �1Þj ¼ 1:

ð8Þ

It follows that jCðn ¼ 1Þj � ðjCðn ¼ 0Þj þ jCðn ¼
�1ÞjÞ=2: n ¼ 1 corresponds to the offset jx0 � xj at

which the reflection coefficient is at the 50% level of the

resonator dip in the small coupling regime. These rela-

tions allow the angular frequency offset value jx0 � xj
corresponding to the normalized offset value jnj ¼ 1 to

be expressed as a property of the unloaded Q-factor

value. Defining Dx0:5 as the absolute value of the offset

jx0 � xj for n ¼ 1 and inserting it and n ¼ 1 into Eq. (6)

yields an expression for the measurement of QU:
QU ¼ x0

2ðDx0:5Þ
: ð9Þ

Note that this expression for QU differs by a factor of 2

in the denominator relative to that given by Poole [4,

Eq. (11), p. 125] because Dx0:5 is defined here as half of

the value Dx defined in [4]. The substitution of Eq. (9)

into Eq. (6) gives the physical meaning of the normal-

ized offset n:

n � x0 � x
Dx0:5

; ð10Þ

i.e., the normalized offset n is equal to the ratio of ab-

solute offset x0 � x over the resonator dip small-cou-

pling half-width Dx0:5. Note that in order to accurately

measure the value of 2Dx0:5, one must adjust the reso-

nator coupling to a small value and measure the width
between the 50% levels of dip. However, for a given

value of Dx0:5, Eq. (10) is valid for ðx0 � xÞ � x and all

values of b.
It is well known that the tip of the vector representing

the reflection coefficient C traces a circle in the phase

plane when the resonator offset n is varied from �1 to

þ1 with b ¼ constant (see [2, Fig. 3.4, p. 68]). There-

fore the C value from Eq. (7) can be separated into two
components. The first component is dependent only on

b, and the second is dependent on both variables, b and

n, but its absolute value is independent of n. This par-

titioning of C yields (see Appendix A):
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C ¼ CC þ Cn ¼ 1
1þb

� 

þ b

1þb

� 

expju;

CC ¼ 1
1þb

� 

Cn ¼ b

1þb

� 

expju;

ð11Þ

where

u ¼ p

�
þ 2 tan�1 n

1þ b

� ��
: ð12Þ

The phase diagram depicted in Fig. 2 provides a

graphical representation of the resonator reflection co-

efficient components from Eqs. (11) and (12) for b ¼ 0:5
as the resonator offset n is varied between �1 and þ1.

CC is defined solely by b while the tip of Cn traces a circle

defined by uðn;bÞ as the offset n is varied. Also shown

are two circles defined by the tip of Cn for b ¼ 1:0 and

b ¼ 2:0. Note that the phase angle u ¼ �90� when

n ¼ �ð1þ bÞ.
Phase diagrams of the resonator reflection coefficient

(depicted in Fig. 2 and subsequently in Figs. 5–7) are
very convenient for characterization and tuning of re-

flection resonators. They are similar to Smith Charts

(for example, see [7, Section 12.9]), but describe more

directly the features important for magnetic resonance

spectrometers, as discussed in Appendix B.
3. CW EPR signal as a change in the resonator reflection
coefficient

In order to utilize the phase vector diagrams for

analysis of spectrometer characteristics, it is necessary to

incorporate the CW EPR signal. As the magnetic reso-

nance condition is achieved in EPR instruments utilizing

reflection resonators, changes of the sample paramag-

netic susceptibility v lead to variation in the resonator
reflection coefficient. This variation in C is detected by

the spectrometer receiver to produce the CW EPR sig-

nal. The total paramagnetic susceptibility v is a complex

quantity v ¼ ðv0 � jv00Þ. The real component v0 causes

variation of the resonator frequency x0 which leads to

the dispersion CW EPR signal, and the imaginary

component v00 causes variation of the unloaded Q-factor

QU which leads to the absorption signal. Using Eqs. (5)–
(7), it is possible to determine the change in the reflection

coefficient (DC) as a function of the change in unloaded

resonator quality factor and resonance offset (DQU and

Dn, respectively):

DC ¼ �2b

1þ b � jnð Þ2
DQU

QU

�
þ jDn

�
: ð13Þ

Dn is defined as originating only from the resonator

frequency change (Dx0) and not from a change of the

resonator Q-factor QU, i.e., Dn is the change in n as a

function of x0 and thus according to Eq. (10)
Dn ¼ fDx0=Dx0:5g. Eq. (13) is valid for small changes
such that jDQU=QUj � 1; jDnj � 1 and therefore

jDCj � 1. For small values of paramagnetic suscepti-

bility, i.e., when jv0 � jv00j � 1, it is shown in Appendix C

that this relationship between paramagnetic susceptibil-

ity and DQU and Dn can be described by:

DQU

QU

�
þ jDn

�
¼ �QUg v00�

þ jv0� ð14Þ

in which g is the filling factor of the EPR sample in the

resonator by the magnetic field energy:

g ¼
R
Sample

H�
1 � H1 sin

2 /dVR
Resonator

H�
1 � H1 dV

; ð15Þ

H1 is amplitude of the microwave magnetic field; / is

angle between H1 and the static magnetic field H0.

Substitution of Eq. (14) into Eq. (13) gives the rela-
tionship between the reflection coefficient variation DCv

and the paramagnetic susceptibility ðv0 � jv00Þ:

DCv ¼
2b

1þ b � jnð Þ2
QUg v00�

þ jv0� ð16Þ

or

DCv ¼ v00�
þ jv0� QUgð Þ 2b

1þbð Þ2þn2

� 

expj uð � pÞ

Cn ¼ b
1þb

� 

expju;

ð17Þ

in which u is defined in Eq. (12). Cn (from Eq. (11)) has

been rewritten in Eq. (17) to facilitate comparison. It is

evident from Eq. (17) that the EPR absorption signal

(which is proportional to v00) is always antiparallel to Cn,

and the EPR dispersion signal (which is proportional to

v0) is always orthogonal to Cn. This is an important result

which always allows the exact tuning of the EPR signal

phase based on the phase of Cn even if an EPR signal
cannot be readily observed (as may be the case for weak

signals requiring extensive signal averaging). Both the

absorption and dispersion components of the EPR sig-

nal are shown in Fig. 2.

It follows from Eq. (17) that the EPR signal magni-

tude jDCvj is maximal when b ¼ 1 and n ¼ 0. However,

it is evident from Fig. 3a that this maximum is relatively

broad. The solid traces in Fig. 3a show the EPR signal
relative magnitude as a function of normalized offset n
for several constant values of b. The dashed trace cor-

responds to the variable b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ n2

p
, at which the

EPR signal is maximized for every value of n. This

optimization allows the determination of the optimal

coupling for a given frequency offset, which may be

useful for the implementation of multifrequency EL-

DOR experiments. Fig. 3b presents the phase of the EPR
absorption signal as a function of n for several values of b
(the EPR dispersion signal phase traces are equal to the

absorption traces shifted by 90� and those of the reflec-

tion coefficient component Cn are shifted by 180�).



Fig. 3. CW EPR signal magnitude (a) and phase (b) as functions of the

resonator normalized offset n for selected values of the resonator

coupling parameter b. The dashed trace in (a) corresponds to the

function b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ n2

p
which maximizes the signal for every value of n:

The appropriate value of b used to generate each solid trace is indi-

cated.
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Fig. 3a illustrates that precise tuning of the resonator

frequency and coupling parameter is not crucial for

achieving adequate signal intensity. However, the qual-

ity of EPR spectra depends on additional factors that

are strongly influenced by EPR resonator tuning. The

precise tuning of the resonator frequency is necessary to

obtain the correct shape of the CW EPR signal. Also

precise tuning of both the resonator frequency and
coupling parameter may be required to minimize the

microwave source noise contribution to total noise of

the EPR signal receiver if the source noise is significant.
Fig. 4. Simplified block diagram of an EPR spectrometer employing a

heterodyne or homodyne receiver and a reflection resonator.
4. Application of the phase diagram analysis to spectrom-

eter tuning

The phase diagrams developed in the preceding sec-

tions can be used to optimize the tuning procedures of
reflection resonator CW EPR spectrometers. Steps such
as setting the LO phase, the resonator frequency and its

coupling to the transmission line can be evaluated and

their effects on the EPR signal predicted. The analysis is

based on Eqs. (11), (12), (17), which represent the mi-

crowave signal. Fig. 4 illustrates the basic components

of the EPR spectrometer that are relevant for our

analysis of microwave tuning. The resonator containing

the EPR sample is connected to the microwave source
and receiver by means of a circulator. The phase be-

tween the signal power P3 (RF) and Local Oscillator

(LO) can be set by a phase shifter. Fig. 4 is appropriate

for both heterodyne microwave receivers, in which the

LO and RF frequencies are not equal, and homodyne

receivers, in which the LO and RF frequencies are equal

and generated by the same source or locked to the same

master oscillator.
The present analysis will be carried out for two types

of the receivers—balanced and unbalanced. The main

advantage obtained from the balanced receiver is a re-

jection of the signal from the LO, which is important

when the LO noise is dominant and must be suppressed.

It is assumed in the subsequent analysis that the output

DC signal of the balanced receiver contains the RF in-

put signal only and the LO signal is suppressed com-
pletely, and that the output DC signal of the unbalanced

receiver consists of both the RF and LO signals. Because

unbalanced receivers are typically constructed using

single-ended mixers, which have only one input for both

RF and LO signals, the same gain and losses apply to

the RF and LO signals. Utilization of an unbalanced

receiver is acceptable when the LO does not introduce

significant noise into the receiver.
In the following analysis, particular attention is given

to the proper phasing of the EPR signal. Issues re-

garding the EPR signal phase have been previously in-

vestigated and typically can be addressed in a

straightforward fashion at low frequency [2,8]. How-

ever, as will be discussed, extending EPR spectroscopy
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to high frequencies introduces additional complications
and motivates further consideration of this issue.

4.1. Balanced receiver

The output signal of the balanced receiver is pro-

portional to the microwave signal at the receiver RF

input and is dependent on the phase between the RF and

the LO signals. Phase diagrams for a spectrometer using
a balanced receiver are shown in Fig. 5a (undercoupling

case) and Fig. 5b (overcoupling case). The balanced

receiver detects the inphase/antiphase component of the

RF input but does not detect its orthogonal component.

In other words, the balanced receiver detects the pro-
Fig. 5. Phase diagrams for an EPR spectrometer employing a balanced

receiver. Phase diagrams of the EPR sample resonator reflection co-

efficient C ¼ ðCC þ CnÞ and both components of the EPR signal (ab-

sorption and dispersion), as well as their projections on the LO phase

direction, are illustrated. The situations for undercoupling (b < 1) and

overcoupling (b > 1) are shown in Fig. 5a and b, respectively. The LO

phase setting has been chosen arbitrarily. The spectrometer has been

exactly tuned for the acquisition of pure absorption signal in both

diagrams.
jection of the RF phase vector onto the LO phase vec-
tor. Therefore the DC output signal of the receiver is

proportional to the projection of the RF input signal

(the signal at point 3 in Fig. 4) on the LO phase direc-

tion. That projection is equal to jCj sinw in which the

angle w is a function of both u (as determined by the

resonant offset n) and the phase of the LO (defined as a).
The phase shifter in Fig. 4 controls the value of a and

thus controls the magnitude and polarity of the receiver
DC output.

The diagrams depicted in Figs. 5a and b correspond

to the spectrometer tuned exactly to the absorption

signal for the general case of an arbitrary phasing be-

tween the RF and LO (i.e., a 6¼ 0� or 180�). The arbi-

trary phase of a in Fig. 5 illustrates that pure absorption

can be obtained regardless of the phase of the LO (see

below). However, the EPR signal is not maximized in
this tuned state with a 6¼ 0� or 180� because n 6¼ 0 (see

Fig. 3a).

The initial tuning steps involve phasing the LO

properly by setting a ¼ 0� or 180� with respect to the

reflected microwaves from the resonator. In order to

achieve this value of a, the LO phasing must be done at

infinite resonance offset, i.e., making n ¼ �1 by tuning

the resonator well off resonance and thus aligning C
along the real axis. Step 1 is thus adjusting the resonance

of the resonator to infinite offset. Under this condition,

as the phase shifter is varied in step 2 of the tuning

process, the DC output of the receiver will cyclically

vary from a maximum value (a ¼ 0�), through 0

(a ¼ 90�), to a minimum value (a ¼ 180�). The correct

phasing (a ¼ 0� or 180�) corresponds to the maximum

or minimum of the receiver output.
The next step in the process is tuning the EPR reso-

nator to its resonance frequency, i.e., setting n ¼ 0. As is

seen from Figs. 5a and b, complete separation of the

absorption and dispersion signals is achieved when

collinearity of the phase vectors Cn and LO is reached.

This condition of collinearity corresponds to the mini-

mum or maximum of the receiver DC output. Both

conditions (zero offset (n ¼ 0) and collinearity of Cn and
LO) can be achieved simultaneously only if a has been

tuned to 0� or 180� in the previous tuning step. At this

stage, the LO phase and resonator offset have been set,

but the coupling has not yet been tuned to critical

(b ¼ 1), at which the EPR signal is a maximum (Fig. 3a).

Clearly the coupling can be tuned only when the reso-

nator is on resonance (n ¼ 0), but the resonator fre-

quency must be the final act of spectrometer tuning in
order to achieve the maximal collinearity of Cn and LO

and thus the best separation of the absorption and dis-

persion signals at the receiver output. Therefore the final

stage of the tuning process must be the alternate trims of

frequency and coupling, and the final act must be the

trim of the resonance frequency. The correct tuning

point is always at an extreme of the receiver output



Fig. 6. Phase diagrams for an EPR spectrometer employing an un-

balanced receiver. Phase diagrams of the reflection coefficient

C ¼ ðCC þ CnÞ and of both components of the EPR signal (absorption

and dispersion) are illustrated for the case of an overcoupled resona-

tor. R, which is the LO phase vector normalized to jCj, is shifted by

180� in Fig. 6b relative to Fig. 6a. The output DC signal is propor-

tional to jGj ¼ jRþ Cj. The LO phase setting has been chosen arbi-

trarily. The spectrometer will be exactly tuned to the absorption signal

when point D is coincident with points B or C. Those tuning points

correspond to extrema of the receiver output DC signal.
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signal. There are two extrema when the offset n is tuned
to �1: one is a maximum, the other a minimum. It is

evident from Figs. 5a and b that more intense extremum

has a smaller offset n and therefore produces a more

intense EPR signal.

The pure dispersion signal can be detected by shifting

the LO phase by 90� after final tuning to the pure ad-

sorption signal. Receivers with two outputs in quadra-

ture are preferred because they measure both the
absorption and dispersion signal components simulta-

neously.

Figs. 5a and b, which depict the exact tuning to pure

absorption at a 6¼ 0� or 180�, illustrate that even a

spectrometer with an arbitrarily set LO phase can be

tuned to achieve complete separation of absorption and

dispersion signals by means of the observation of the

resonator reflection only, independent of the receiver
phase. The final tuning condition, which corresponds to an

extremum of the receiver output as a function of the res-

onator frequency, is necessary and sufficient for the ac-

quisition of pure absorption signal. The tuning process

does not require the EPR signal itself, which may be too

weak to observe without extensive averaging. Moreover,

sweeping of the microwave frequency is not necessary

for the correct matching of the resonator or phasing of
the EPR signal.

4.2. Unbalanced receiver

The output signal of the unbalanced receiver is pro-

portional to the combined microwave power of both the

RF and LO signals. Phase diagrams appropriate for an

unbalanced receiver are shown in Figs. 6a and b. Both
figures depict an untuned, overcoupled resonator with

the LO phase arbitrarily set such that a 6¼ 0� or 180�. R
is the normalized LO phase vector. The normalization of

R is achieved by dividing the LO phase vector magni-

tude at the receiver output by the RF signal magnitude

at infinite resonator frequency offset (n ¼ �1), also at

the receiver output. The phase vector G ¼ Rþ C is the

total input microwave signal of the unbalanced receiver,
and therefore the DC signal at the receiver output is

proportional to jGj.
Tuning for the case of an unbalanced receiver is

equivalent to that described for a balanced receiver. The

first step is to offset the resonance of the resonator so

that the phase of R can be made collinear with

Cðn ¼ �1Þ (a ¼ 0� or 180�). The correct phasing cor-

responds to the DC extreme at the output of the receiver
when the total microwave signal jGj is at its extreme.

The magnitude of the receiver output is maximal when

the phases of R and of Cðn ¼ �1Þ are equal (i.e., when
phase vectors R and Cðn ¼ �1Þ are parallel and

a ¼ 0�), and it is minimal when phases of R and of

Cðn ¼ �1Þ are shifted by 180� (i.e., when phase vectors

R and Cðn ¼ �1Þ are antiparallel and a ¼ �180�).
Again, the tuning of the resonator frequency must be the

final step of the tuning process in order to achieve cor-

rect phasing of the EPR signal. It is evident from Figs.

6a and b that collinearity of the phase vectors Cn and G

provides a pure absorptive EPR signal and that this
condition is reached at the extrema of jGj. Thus the

resonance frequency offset of the resonator n is varied to

minimize or maximize the output of the receiver. For the

case in which a has been set to 0� or 180�, this minimi-

zation/maximization corresponds to n ¼ 0.

Figs. 6a and b correspond to two cases in which

a 6¼ 0� or 180�, with the phase of R in Fig. 6b shifted by

180� compared to that in Fig. 6a. These cases have been
presented to illustrate that proper phasing can be

achieved even with an arbitrary LO phase setting in a

spectrometer with an unbalanced receiver, as has been

demonstrated for the case of a balanced receiver (Fig. 5a

and b). The spectrometer is correctly tuned when the



Fig. 7. Phase diagram for an EPR spectrometer with a balanced re-

ceiver in the presence of an extraneous coherent signal at the receiver

RF input. Phase diagrams of the EPR sample resonator reflection

coefficient C ¼ ðCC þ CnÞ, the extraneous signal L and both compo-

nents of the EPR signal (absorption and dispersion) are shown for an

overcoupled resonator. Projections of N ¼ ðC þ LÞ and of the EPR

signal onto the LO phase direction are also illustrated. Phases of the

LO and of the leakage L have been chosen arbitrarily. The spec-

trometer is exactly tuned for acquisition of the pure absorption signal.

Dash-dotted vector Nðn ¼ 1Þ corresponds to the infinite offset such

that n ¼ �1.
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resonator offset is varied such that point D (the tip of
Cn) becomes coincident with points B or C. This corre-

sponds to the extrema of jGj, and ensures the correct

phasing such that the in-phase receiver signal consists of

100% absorption and 0% dispersion. An extremum of

jGj ¼ jRþ Cj corresponds to an extremum of the re-

ceiver output. Placement of point D at point B or point

C each results in an extremum of jGj. One placement is a

maximum of jGj (point C in Fig. 6a and point B in Fig.
6b); the other corresponds to a minimum (point B in

Fig. 6a and C in Fig. 6b). It is clear from Fig. 6a and b

that the more intense extreme has a lower n offset and

therefore a more intense EPR signal. Thus point B is the

correct tuning position in both Fig. 6a and b.

During the tuning process, whether the extremum of

jGj and thus receiver output signal extremum is a max-

imum or a minimum depends on the phase and magni-
tude of R. However, there is a single tuning state in

which no extrema of jGj exist: when points A and O are

coincident, i.e., when R ¼ �CC. When this condition is

met, G ¼ Cn and varying n changes the phase, but not

the magnitude, of G. This is an interesting condition

because it results in a constant magnitude of the receiver

output signal regardless of resonator frequency offset.

Thus, if an unbalanced receiver is used and R ¼ �CC, no
resonator dip will be observable. In addition, the EPR

signal is pure absorption regardless of the resonator

frequency offset, and no dispersion will be admixed. This

characteristic may be useful for experiments that involve

a high degree of microphonics, such as low temperature

experiments with boiling cryogens or in vivo experi-

ments with shifting animals. Such suppression of the

dispersion signal at the condition of R ¼ �CC was de-
scribed previously in [2, pp. 186–187, Eq. (6.19), and

Fig. 6.7] using a different formalism and phase vector

representation.

After tuning to the pure absorption signal, switching

the detection to pure dispersion signal in a spectrometer

with an unbalanced receiver is not trivial. It is possible

to measure the dispersion signal by shifting the phase of

the LO (and thus R) by 90� after the resonator frequency
has been tuned to pure absorption only if jCj � jRj.
However, if jCj and jRj are comparable, setting the

phase shift of the LO to detect pure dispersion will be

extremely difficult because the correct value will not be

constant but will be dependent on the tuning. Clearly

the ideal experimental configuration with respect to

phase is to employ a balanced receiver with outputs in

quadrature.

4.3. Balanced receiver with extraneous signals at the RF

input

The analysis presented in Section 4.1 corresponds to

the ideal case of the receiver RF input power consisting

of only the reflection from the resonator with an EPR
sample. In reality, power Pw also enters the receiver as a
result of circulator leakage and transmission line re-

flections between the circulator and resonator with the

EPR sample, i.e., between points 2 and 4 of Fig. 4. The

circulator leakage results from the direct transmission of

the microwave power from point 1 to point 3. Reflec-

tions can be generated by any discontinuity or imper-

fection in the transmission line or waveguide, the most

common being flange connections. In the following
discussion, any extraneous power at the receiver RF

input not originating from the EPR sample resonator

will be defined as leakage power.

As is true for the ideal case of no leakage power, the

tuning procedures for a balanced receiver with leakage

power is the same for both overcoupled and undercou-

pled resonators. The phase diagram, shown in Fig. 7,

represents an EPR spectrometer with a balanced re-
ceiver and an overcoupled resonator and is therefore

similar to that presented in Fig. 5b. The only difference

is an additional vector L in Fig. 7 which represents the

leakage power. The leakage phase vector L is normal-

ized in the same manner as the LO phase vector R in the

unbalanced receiver (see above and Fig. 6). The phase

vector N ¼ Lþ C is the total microwave signal at the

receiver input (point 3 in Fig. 4). The angle c in Fig. 7 is



Fig. 8. Phase diagram of the resonator reflection coefficient measured

using a 130-GHz EPR spectrometer with a balanced receiver and two

outputs in quadrature. Outputs X and Y are represented as the abscissa

and ordinate, respectively. Point B corresponds to an infinite resonator

offset. Point C and vector Cn correspond to exact tuning of the reso-

nator with the LO phased parallel to X. The two orthogonal dashed

axes X1 and Y1 correspond to the LO phase direction a0 ¼ �30�. The
dash-dotted vector C0

n and point D correspond to the exact tuning of

the resonator to pure absorption/dispersion at this value of a0.
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the phase angle between the leakage L and the reflection
coefficient at infinite resonator offset Cðn ¼ �1Þ.

Fig. 7 corresponds to a spectrometer tuned to pure

absorption signal for the case of arbitrarily set phases of

both the leakage L and LO. Tuning with arbitrary L

vector and LO phasing illustrates the general principle

that the pure absorption or dispersion spectrum can be

obtained simply by means of tuning the resonator fre-

quency, regardless of the relative phase of the LO and
the RF signals or the presence of any extraneous co-

herent signals on the receiver RF input.

The procedure for achieving the correctly tuned state

of a spectrometer under actual conditions (i.e., with

leakage power) is the same as previously described

without leakage power. This applies for spectrometers

with either balanced or unbalanced receivers. However,

there is one difference in the final condition of the tuned
states with and without arbitrarily phased leakage

power: a ¼ 0� or 180� without leakage power but a0 ¼ 0�
or 180� with leakage power. The vector Nðn ¼ 1),

connecting points A and B in Fig. 7, can be used to il-

lustrate this. Nðn ¼ 1Þ is the total microwave signal at

the receiver RF input when the resonator is offset to

infinity. The initial tuning steps (i.e., phasing the LO

with an offset resonator) lead to the LO phase direction
collinear to vector Nðn ¼ 1Þ: this sets a0 ¼ 0� or 180�.
The equivalent condition with no leakage (a ¼ 0� or

180�) is preferable because the sensitivity to the micro-

wave source phase noise is minimal in this case. In order

to achieve the tuning state with a0 ¼ a ¼ 0� or 180�, first
the leakage vector L must be phased such that c ¼ 0� or
180�. This can be done by use of a phase shifter inserted

between the circulator and the resonator (i.e., between
points 2 and 4 in Fig. 4).
5. Experimental results

The phase diagrams described above can be gener-

ated experimentally and used to analyze and tune an

EPR spectrometer equipped with a microwave receiver
with two outputs in quadrature. One simply connects

the two receiver outputs to an oscilloscope set to the XY

display mode. Tuning the resonator through its fre-

quency range, between the upper and lower limits, will

describe a circle on the oscilloscope screen correspond-

ing to the circles presented in the phase diagrams. An

example of such a circle, measured using an overcoupled

H011-mode cylindrical resonator on a 130-GHz EPR
spectrometer, is shown in the Fig. 8. Values along the

orthogonal axes ‘‘Output X’’ and ‘‘Output Y’’ are pro-

portional to the two orthogonal output signals of the

spectrometer receiver. Of the theoretical curves pre-

sented in this paper, Fig. 7 is the most applicable for the

description of the experimental data in Fig. 8. The axis

‘‘Output X’’ is defined as parallel to Local Oscillator
phase direction in Fig. 7. For the generation of Fig. 8,

the local oscillator has been phased using the tuning
procedures described above such that the phase vector

Nðn ¼ 1Þ from Fig. 7 is set parallel with axis ‘‘Output

X’’ (i.e., to a0 ¼ 0�). Point B in Fig. 8 corresponds to an

infinite resonator offset that cannot be physically

achieved: the measured circle cannot attain this point

and therefore a small break occurs. The symmetry of the

measured circle relative the axis ‘‘Output X’’ in Fig. 8

indicates that vectors L and Nðn ¼ 1Þ from Fig. 7 are
parallel (and therefore c ¼ 0�). Point O in Fig. 8 is the

origin of the circle, and point C and vector Cn corre-

spond to exact tuning of the resonator. The two or-

thogonal dashed axes X1 and Y1 correspond to the LO

phase direction phasing a0 ¼ �30�. The dash-dotted

vector C0
n and point D corresponds to the exact tuning

the resonator to pure absorption/dispersion at this value

of a0.
Fig. 9 presents CW EPR spectra, measured with an

overcoupled H011-mode cylindrical resonator at 130-

GHz, that consist of both the absorption and dispersion

signals of one of the six Mn(II) hyperfine lines from a

powder of Mn2þ doped into MgO. First harmonics of

both the absorption (solid traces) and dispersion (da-

shed traces) CW EPR spectra are represented on the left

(Fig. 9a, c, and e). On the right (Fig. 9b, d, and f) are the
corresponding phase vector diagrams of the signals. The

horizontal (Output X) and vertical axis (Output Y)



Fig. 9. CW EPR spectra (130 GHz) of one of the six Mn(II) hyperfine lines from a powder of Mn2þ doped into MgO. Absorption (solid) and

dispersion (dashed) of the same hyperfine line are presented in A, C, and E. The phase diagram corresponding to each spectrum is shown to the right,

in B, D, and F, respectively. The values of the abscissa and ordinate of the phase diagrams are equal to the values of the absorption and dispersion,

respectively. Spectrum A and phase diagram B were acquired after proper spectrometer tuning as described in Section 4. Next, the receiver phase was

offset by )30� and spectrum C and phase diagram D were acquired. Finally, keeping this )30� phase offset, the resonator frequency was tuned to the

minimum signal at the receiver Output X and spectrum E and phase diagram F were acquired. All measurements were made with an overcoupled

H011-mode cylindrical resonator on the same sample. Experimental parameters were as follows: Spin concentration, approximately 1–2� 10�5 mol/

liter; temperature, 293K; resonator-filling factor, �0.05; microwave power at the coupling hole of the EPR sample resonator, �3 lW; field mod-

ulation, �0.05mT peak-to-peak; B0 window, 1mT; B0 ramp rate, 0.1mT/s; time constant, 30ms.
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values of the phase diagrams are proportional to the

EPR first harmonic absorption and dispersion signals,

respectively.

Fig. 9a and b display the spectrum and phase diagram
measured with the resonator tuned to point C (Fig. 8)

and the LO phase set such that a0 ¼ 0� (Figs. 7 and 8).

The tuning procedure, executed as described in Section

4.3, results in complete separation of the absorption and

dispersion signals. Figs. 9c and d were measured after

the LO phase was rotated by 30� such that a0 ¼ �30�,
with all other parameters identical to a and b, (including

the resonator left in point C of Fig. 8). The spectra in 9c
are now admixtures of absorption and dispersion, and

Fig. 9d illustrates that the EPR signal phase diagram

was rotated by the same angle of 30� relative to 9b. The

third spectrum, corresponding to Fig. 9e and f, was
measured after tuning the resonator frequency to the

minimum signal at the receiver Output X (i.e., to point D

in Fig. 8), without a change of the LO phase as set in

Fig. 9c and d (i.e., with a0 ¼ �30�). Fig. 9e again shows

the complete separation of absorption and dispersion, as

in Fig. 9a. It is also evident that the EPR signal phase

diagram Fig. 9f has been rotated back to state of shown

in Fig. 9b. However, the amplitude of 9e is smaller
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because the slight resonator frequency offset from the
microwave source produces a smaller signal (Fig. 3a).

Fig. 9 demonstrates experimentally that the correct

phasing of the EPR signal can be achieved without a

preliminary adjustment of the EPR signal phase, simply

by the accurate tuning of the resonator frequency. Of

course, the correct signal phase can also be achieved by

tuning the microwave source frequency to the resonator

frequency: instrumental characteristics at low frequen-
cies permit this to be the standard tuning procedure in X

and Q band EPR. However, at high frequencies this

procedure may be problematic. Moreover, stable high

frequency sources are not easily tunable, so HF spec-

trometers often use tunable resonators and fixed fre-

quency sources. Phasing can also be achieved directly by

observing the EPR signal itself and adjusting the LO

phase to achieve complete separation of absorption and
dispersion, but this is not possible for samples with very

weak signal intensities that may require averaging to

observe. The resonator frequency tuning procedure as

described in Section 4 can be used to achieve the correct

phasing, without the need to observe the EPR signal. As

is evident from the phase diagrams (Figs. 5–7), the pure

absorption signal is always acquired when the receiver

output is set to an extremum as a function of the reso-
nator frequency: this condition is necessary and suffi-

cient for the acquisition of pure absorption signal.

The experimental phase diagrams shown Fig. 9 were

obtained from a simple single line EPR spectrum and

serve to illustrate the principles and equations presented

in this paper. Phase diagrams derived from broad,

multiline spectra are much more complicated and thus

the general practicality of the diagrams is limited.
However, when studying samples with well characterized

lineshapes (such as nitroxides), these CW EPR phase

diagrams may be useful for addressing the following is-

sues. (1) Precise determination of the EPR spectra field

position when both measured orthogonal signals are

mixtures of absorption and dispersion. This technique is

illustrated by the dotted lines in Fig. 9c and d. (2) Simple

determination of the EPR signal phase when both mea-
sured orthogonal signals are mixtures of absorption and

dispersion. Changing the EPR signal phase by a given

angle does not change the EPR phase diagram shape but

only rotates it by that same angle. This rotation is evident

from a comparison of Fig. 9b and d. (3) Determination

of spectral distortion caused by a strong EPR signal. It is

well known that a very intense EPR signal can lead to

spectral distortion. This distortion is caused by a large
variation in the mean values of both the EPR resonator

frequency and Q-factor as the magnetic field is swept

through resonance. Spectral distortion can be charac-

terized by the comparison of spectra measured with

different tuned states of the EPR resonator frequency.

For example, one spectrum can be measured with zero

offset (i.e., with n ¼ 0) and another with a small offset of
n � 0:5� 1. The shape of the phase diagrams will be
different for the two spectra only if the spectrum is dis-

torted by the intense signal. Indeed, a small distortion is

evident in Fig. 9f, which is slightly asymmetric about the

Output Y-axis compared with 9b.
6. Conclusions

Equations have been derived which describe the rela-

tionship between the phases of the resonator reflection

coefficient and both components (absorption and dis-

persion) of theEPR signal. Phase diagramsbased on these

equations that are useful for the analysis of the CW EPR

signals in spectrometers employing reflection resonators

have been presented. By means of these new phase dia-

grams, techniques to achieve exact tuning to the absorp-
tion and dispersion signal in both balanced and

unbalanced microwave receivers have been introduced.

The presence of additional extraneous signals at the RF

input of the microwave receiver (because of the circulator

leakage and reflections in the resonator transmission line)

has been analyzed. Using both theoretical and experi-

mental phase diagrams, it is shown that setting the re-

ceiver output to an extremum as a function of the
resonator frequency is necessary and sufficient for the

acquisition of the pure absorption signal. This condition

is universal: it applies for any spectrometer frequency or

configuration. The phase diagrams have illustrated that it

is possible tomeasure the absorption signal with complete

suppression of the dispersion signal, independent of the

frequency offset between the microwave source and the

EPR sample resonator. Finally, equations have been de-
rived that give the approximate relationship between

variations of the resonator properties (Q-factor and fre-

quency) and paramagnetic susceptibility.
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Appendix A
C ¼ 1� b � jn
1þ b � jn

¼ 1

1þ b
þ 1� b � jn
1þ b � jn

� 1

1þ b

¼ 1
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Appendix B

Phase diagrams of the resonator reflection coeffi-

cient (depicted in Fig. 2 and subsequently in Figs. 5–

7) are very convenient for the characterization and
tuning of reflection resonators. These phase diagrams

are similar to Smith Charts, which are well known as

a general method for the analysis of transmission lines

(see [7, Section 12.9, pp. 395–400]). The Smith Chart

is a Phase Chart of the reflection coefficient C as

function of the normalized impedance represented by

ðr þ jxÞ such that

ðr þ jxÞ ¼ Re
ZIN

Z0

� �
þ j Im

ZIN

Z0

� �
ðB:1Þ

in which (ZIN=Z0) is the transmission line load input

impedance ZIN normalized to the transmission line

characteristic impedance Z0.

In a Smith Chart, as in the phase diagrams presented
here, the abscissa and ordinate are the real and imagi-

nary components of C, respectively. The circles of a

Smith Chart represent traces of either constant real (r)

or imaginary (x) components of the transmission line-

normalized load impedance ðr þ jxÞ (Eq. (B.1)). For the
reflection resonators of interest in this work, r and x are

not independent variables. We have defined the Phase

Diagram variables b and n because they represent actual
experimental parameters (coupling parameter and fre-

quency offset, respectively) which exhibit the greatest

degree of mutual independence with respect to the tun-

ing of reflection resonators. In addition, these are im-

portant parameters which are universally employed for

the tuning and characterization of resonators. It is al-

most always possible to estimate or measure b and n
during the standard spectrometer tuning process, with-
out using additional equipment, but this is not the case

for the parameters represented by r or x. It can be shown

by Eqs. (1)–(7) that

rf ¼ 1=b; x ¼ � n=bg ) x ¼ �nr: ðB:2Þ
Thus, variation of n causes variation of x only, but

variation of b causes variation of both r and x. There-

fore r and x are mutually dependent parameters if b and

n are mutually independent, which is the case for most

resonator designs.
Appendix C. Relationship between paramagnetic suscep-
tibility and changes of the resonator frequency and Q-

factor

Expressions for changes of the resonator complex

frequency Dx0 can be obtained from Maxwell�s equa-

tions using perturbation theory if Dx0 � x0, which is

the normal condition for the acquisition of undistorted

EPR spectra.[9,10] The following derivation is achieved
using three basic approximations with respect to the
interior of the resonator: (1) the dielectric permittivity �
is homogeneous and constant; (2) the magnetic perme-

ability l is homogeneous and constant except for the

small change Dl � l originating in the sample at reso-

nance from the paramagnetic susceptibility v ¼ v0 � jv00;
(3) the configuration of the microwave field is constant

and independent of the EPR paramagnetic susceptibil-

ity. Eqs. (C.1a)–(C.1f) are transformations for the de-
termination of a resonator resonant frequency, using

these approximations:

r� H1 ¼ jex0E1;

r� E1 ¼ �jlx0 H1;
ðC:1aÞ

r � rð � H1Þ ¼ jex0r� E1;

elx2
0H1 ¼ jex0 r� E1;

ðC:1bÞ

r � rð � H1Þ ¼ elx2
0H1; ðC:1cÞ

H�
1 � r½ � rð � H1Þ� ¼ elx2

0H
�
1 � H1; ðC:1dÞ

Z
Resonator

H�
1 � r½ � rð � H1Þ�dV

¼ x2
0e
Z
Resonator

lH�
1 � H1 dV ; ðC:1eÞ

x2
0 ¼

R
Resonator

H�
1 � r � r� H1ð Þ½ �dV

e
R
Resonator

lH�
1 � H1 dV

; ðC:1fÞ

H1 and E1 are amplitudes of the microwave magnetic

and electric fields, respectively, and dV is the resonator

volume differential. The slight magnetic permeability

change Dl produces the resonant frequency change Dx0

and the microwave field variation from H1 to H0
1 ¼ aH1.

Here a is a scalar constant in accordance with the con-
stant field configuration, as specified by approximation

(3) above. This leads to the expression:

x0ð þ Dx0Þ2 ¼

R
Resonator

H0�
1 � r � r� H0

1

� 
h i
dV

e
R
Resonator

l þ Dlð ÞH0�
1 � H0

1dV

¼
R
Resonator

H�
1 � r � r� H1ð Þ½ �dV

e
R
Resonator

l þ Dlð ÞH�
1 � H1 dV

; ðC:2Þ

in which l equals the free space magnetic permeability

l0 because an EPR resonator is assumed not to contain
any magnetic materials except the EPR sample. Dl ¼ 0

outside the EPR sample and inside it Dl ¼ l0v ¼ l0

ðv0 � jv00Þ, therefore

x0ð þ Dx0Þ2

¼
R
Resonator

H�
1 � r � r� H1ð Þ½ �dV

el0

R
Resonator

H�
1 � H1 dV þ el0

R
Sample

vH�
1 � H1 dV

:

ðC:3Þ
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The EPR condition creates the resonant complex
susceptibility v ¼ ðv0 � jv00Þ for those components of the

microwave field H1 which are orthogonal to the static

magnetic field H0. Therefore the field H1 in Eq. (C.3)

can be written for the EPR sample space in term of its

EPR-active components H1 sin/, where / is angle be-

tween H1 and H0. Substitution of H1 sin/ into Eq. (C.3)

for H1 together with the assumption of the EPR ho-

mogeneous susceptibility v gives:

x0ð þ Dx0Þ2

¼
R
Resonator

H�
1 � r � r� H1ð Þ½ �dV

el0

R
Resonator

H�
1 � H1 dV þ el0v

R
Sample

H�
1 � H1 sin

2 /dV

¼ x2
0

1

1þ vg
; ðC:4Þ

where

g ¼
R
Sample

H�
1 � H1 sin

2 /dVR
Resonator

H�
1 � H1 dV

is the filling factor, as defined in Eq. (15). jvgj � 1 be-

cause Dx0 � x0 was considered above, therefore Eq.

(C.4) becomes:

Dx0

x0

¼ Dx0Re þ jDx0Im

x0

� � 1

2
v0�
� jv00�g; ðC:5Þ

where Dx0Re and Dx0Im are equal to the real and
imaginary components, respectively, of the resonator

frequency complex change Dx0. The real component

Dx0Re is the variation of the resonant frequency of the

EPR sample resonator. The imaginary component

Dx0Im is the decrease of the EPR sample resonator un-

loaded Q-factor. A more accurate derivation which al-

lows for inhomogeneity in the dielectric permittivity and

small distortion of the microwave field configuration at
resonance leads to the same expression (C.5) but is be-

yond the scope of this paper [10].

It is possible to convert the imaginary frequency

component x0Im to Q-factor by means of the funda-

mental definition of Q-factor, the relations between

loaded and unloaded Q-factors (QL and QU, respec-

tively), and the radiation Q-factor QR : Q�1
L ¼ Q�1

U þ
Q�1

R Þ (see Section 2 of this paper):

QL ¼ 2p
W ðtÞ

W ðtÞ � W ðt þ T Þ

¼ 2p
W ðtÞ

W ðtÞ � W ðtÞ exp � 2x0ImTð Þ

¼ 2p
1

1� exp � 2x0ImTð Þ �
x0

2x0Im

; ðC:6Þ
2x0Im

x0

� 1

QL

¼ 1

QU

�
þ 1

QR

�
; ðC:7Þ

and
Dx0Im

x0

� 1

2
D

1

QU

�
þ 1

QR

�
¼ 1

2
D

1

QU

� �

¼ �DQU

2Q2
U

; ðC:8Þ
in which W is the resonator stored energy, t is time,

T ¼ 2p=x0 is microwave period and x0Im is imaginary

component of the resonator angular frequency. Finally
we obtain from Eqs. (C.5), (C.8) and (10):
DQU

QU

�
þ jDn

�
¼ �QUg v00�

þ jv0�; ð14Þ

Dn is defined as originating only from the resonator

frequency change and not from a change of the reso-

nator Q-factor QU.
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